Local Stability of Tubular Reactors

Some difficulties, which existed due to the nonsym-
metric nature of matrix C, in a recent paper of the above

tite by Clough and Ramirez (1972) have been aptly
noted by Liou et al. (1972a) who attacked these and
presented suitably modified stability criteria. Unfortu-
nately, however, there are still some problems in the case
of the tubular reactor with axial dispersion (point 3 of
Liou et al., 1972a) and the stability criterion reached for
this case, inequality (6) of Liou et al. (1972a}, is in-
complete. We obtain new stability criteria in this note
and show that this inequality is only one of the two that
must actually hold to ensure asymptotic stability of the
steady state in the general case of r; 5, and the other
implies this one. This whole approach is, in fact, shown
to yield more conservative stability criteria than those of
Varma and Amundson (1972). Conclusions of Liou et al.
(1972b), since they were based on their earlier work, are
therefore also incorrect for ry 5« 1y,

In the notation of Clough and Ramirez (1972), the

A
negative definiteness of the symmetric matrix C corre-

A
sponding to the unsymmetric matrix C, that is, C =

(C + C7)/2, is assured if and only if=the followir% in-
e—(ixali-tTes hold:

dP,
AIE—rzzl—x——zBlRIP1>0 (la)
and defining
dpP,
Ag = — rg— + 2B,R,P, (lb)
dx
A3 = A1A2 —_ (BzB.le _— 31321)1)2 > 0 (2)
dP1 2 121
Ag=— A +2-——Pi1A3>0 (3)
dx To
dP, \? r dP; \?
ASE_'( 2) [2—1P1A1—(—L)]+2P2A4>0
dx Ty dx

(4)
where P;(x) = exp(— K}, with K; being positive con-
stants, are the functions used in defining the Liapunov
functional

V() = fl ' Pudx (5)

0

e=[% ;] ®

The idea of Clough and Ramirez (1972) was to choose
the constants K; in a manner such that the most liberal
stability condition is reached. We will show here that the
best choice is K; = r;, K, = r, where r, and r, are the
Peclet numbers for heat and mass transfer, respectively.
To arrive at this conclusion, we note that in the case of an
exothermic chemical reaction B;=0, R;(x) =0 for the

and
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class of reaction rate expressions under consideration and
with P;i(x) as defined above, 42 > 0 always while (la)
holds if

Ky > 2(B1/r3) Rim (7)

In what follows

Ri,m: Max Ri(x);
z€[0,1]

Ri,n = Min R,(x) (8)
2€[0,1)

Ay > 0 implies that Ag > 0; so that attention need be
focussed only on inequalities (3) and (4), with the choice
of Ky as in (7). The necessary (though not sufficient)
condition for inequality (3) to hold is

K% — 2Kir1 + 4B1R, (r1/12) <0, (9)

but under this restriction, &5 > 0 implies A4 > 0; so that
we now only need to satisfy inequality (4) with K; satis-
fying both (7) and (9). The difficulty of Liou et al.
(1972a) is that they satisfy (9) but assume that 44 >0
implies A5 > 0; this is not true.

Since (9) may be rearranged as

(Ky —1)2 —r2[1— (4B,Ry/ri13)]1 <0 (10)

the least restrictive way to satisfy (10) is to take K; =
and then
BiRym/1iry < 1/4 (11)

satisfies both (7) and (9).

We must now simply find conditions so that inequality
(4) holds with K; = r; and under the restriction (11).
A rearrangement of (4) reveals that it cannot be satisfied
unless

— (Ky—13)2 4+ 12+ 4ByR: > 0 (12)

With the choice K, = rp, (12) is satisfied in the least
restrictive manner; all our choices are now over but we
must still satisfy (4) which now takes the form

4B,R
(1 -— > (12?2 + 4BoR;)
17
4

P(Pyriry

Note that (13) implies (11); so the final stability criteria
is (13). In terms of parameters, the final stability condi-
tion is the satisfaction of inequality (13) over the entire
range of the a priori bounds on concentration and tem-
perature:

(BsR:P; — B1R;P1)2 >0 (13)

0=y=1 1=n=1+ (Bi/By) (14)

A derivation of these (rate independent) a priori bounds
for the adiabatic and the nonadiabatic tubular reactors
is in preparation and will be published elsewhere.

Let us now pause and see what has been done. The
above analysis implies that if the choice of functions P;(x)
= exp(— Kix) is made in defining the matrix P for the

Liapunov functional in Equation (5), the best that can
possibly be done is to take K; = r;; but with this choice
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1
V() = J:, [{u exp (— rx/2) }?

+ {us exp (— rx/2)}?1dx  (15)

The transformations

u= ug exp (— rx/2), 0= ug exp (— rx/2) (16)

are frequently made (compare Berger and Lapidus, 1968;
Varma and Amundson, 1972) to make the spatial differ-
ential operators in Equations (B6) and (B7) of Clough
and Ramirez (1972) self-adjoint. In the transformed vari-
ables, the Liapunov functional in Equation (15) takes the
form

V(t)_—:j: [;2+;2]dx (17)

which is the simplest Liapunov functional that comes to
mind. We can then summarize that if the approach of
Clough and Ramirez (1972) is to give better stability
conditions than the ones that can be obtained by the most
obvious choice of a Liapunov functional, one must look
for functions P;(x) other than exp (— Kix).

Varma and Amundson (1972) have recently considered
several problems concerning the nonadiabatic tubular reac-
tors, including those concerning uniqueness and asymp-
totic stability of the steady states. It was shown that by
considering Liapunov functionals of the form

Vi) = j: [u2+po?]de (18)

where p is a positive constant, to be chosen later appro-
priately, sufficient conditions ensuring uniqueness and
asymptotic stability of the steady state can be derived.
This approach was suggested by the work of Padmanabhan
et al. (1971). Note that the Liapunov functional V(f) of
Clough and Ramirez (1972) in Equation (17) takes
p =1 In the present notation, the approach of Varma
and Amundson (1972) leads to the result that the con-
ditions

Min

z€l[0,11

4 4B,R
Ly 11]

142 )

= Min g(x) = ¢, >0 (19)

zel0,11

and with p chosen to satisfy
pq (x) [4M2 + 12% + 4B,R;]
> [4/(Q:Q0r112) ] [pB2R:Q2 — B1R:Q,12  (20)
ensure that the steady state is asymptotically stable. Here
Qi(x) = exp (—rx), (21)

while Ay, i = 1,2 are the least eigenvalues of the differ-

42
ential operator, L[] = ) [ 1 satisfying the boundary
X

conditions
(—d+”)[]—o ; x=0
dr 2 - PEE
B[1=0: (22)
(d+“)[]—o Cx=1
dx 2 - P =

It may be shown that all the eigenvalues \,; are real,
positive, and satisfy the transcendental equation
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tan\/ Mg = 1V Xni/ [hns — (12/4)1; i=1,2;
0<ri<n® (23)

Since Ay, are strictly positive, condition (19) is some-
what better than condition (11) obtained by the earlier
approach and since the best choices for K; in the earlier
approach are K; =1, Pj(x) = Q;(x) so that even with
p = 1, condition (20) is better than (13). However, we
still have the freedom of choosing p shrewdly; this we
do now.

A rearrangement of (20) leads to the result that if

2B1ByRynRon + Garire [M,2 + (122/4) + ByRos]
> 2Bleﬂl,mR2,m exp (]7'1 — 1'2[/2) (24)

then p can be chosen such that (20) holds. Since in terms
of parameters, Rym and R;, must be evaluated over the
entire range of the a priori bounds (14); Ry, = 0 for the
first-order irreversible reaction under consideration by
Clough and Ramirez (1972) so that (24) may be re-
placed by the more conservative condition:

qirire [Mz + (r22/4) + BeRyl
> 2313231,m32,m exp ([rl — Tzi/z) (25)

Since (25) implies (19); satisfaction of (25) is enough
to ensure that the steady state is asymptotically stable.
This reduces to condition (134b) of Varma and Amund-
son (1972) for zero heat transfer coefficient. (There is a
typographical error there in that the 2 in the argument of
the exponential is missing.) For r; = ry, the case of equal
Peclet number for heat and mass transfer, it has been
shown (Varma and Amundson, 1972) that condition
(19), with

Ry(y, n) =din[R(l—Bil2(n——l),n)] (26)

is the only one required.

Some remarks deserve mention. The stability criteria
developed here, that is, inequality (25), can be used in
two different ways. If in numerical computations one finds
that a certain steady state satisfies (25) [less conserva-
tively, (24), but let us not belabor this point] with Rim
and R, evaluated as in Equation (8), then that steady
state will be asymptotically stable. However, for a fixed
set of flow and kinetic parameters, there may be more than
one steady state which satisfies this inequality; if so, they
will all be asymptotically stable. If a certain steady state
does not satisfy this inequality, no conclusion concerning
its instability can be drawn, for this inequality only rep-
resents a sufficient (and not necessary and sufficient)
condition for stability. However, if (25) holds over the
entire range of the a priori bounds, then the analysis of
Varma and Amundson (1972) implies that the steady
state will be unique and asymptotically stable. This is,
of course, the kind of information that is the most desir-
able one for the practicing engineer to have. For the case
of equal Peclet numbers, satisfaction of (19) alone, with
R, as in (26), over the entire range of the a priori bounds
ensures both the uniqueness of the steady state and its
asymptotic stability (Varma and Amundson, 1972).

Since the stability condition reached by Liou et al
(1972a) [their inequality (6), which is the same as in-
equality (11) above] has been shown above to be incom-
plete for the general case of r; # ry, their extension in
Liou et al. (1972b) is erroneous for r; % r, and is indeed
not as good as can be even for r; = ry since neither the
identification (26) is made, nor is the term involving A\
present in their analysis.
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Thus, for ry = r, = r and A3 = A2 = Mg, (19) can be
analyzed with respect to developing stability criteria in
terms of inlet or exit temperatures alone. For the first-
order irreversible reaction under consideration,

R(l-—%z—(n—l),n)

1

B
= [I—B—l2 (n— l)] exp (—g/n) (27)
Then

B,

Ri=—=

dR [ B,
dn

B
+{ 1—;?—(n—1)}-32-]exp(—q/n) (28)

The nature of the function R has been investigated by
Aris (1969). In the range 1 =n =1+ (B,/B;), the func-
tion may have at most one inflexion point, and this, with
a positive slope at

n=n=q[14 (B/B2)1/[q+ 2{1 + (B1/B;)}]

(29)
The largest value of R; occurs at

n(l) i n(l)=n
n= < n(0) if n(0)=n (30)
{"i if n(0) =mn=n(l)

The condition (19) on rearrangement yields that asymp-
totic stability is assured if

(1/n%) [— Ben? + g {By — By(n — 1)}]
exp (— q/n) < (12/4) + N, (31)

with the lhs evaluated at n given by (30). It may be seen
by comparison that (31) is a better condition than (13)
of Liou et al. (1972b).

As discussed above, if the evaluation of the largest
value of Ry is made over the entire range of the a priori
bounds 1=n=1+ (B:/B;), uniqueness and stability
are both ensured by condition (19) above. It is easy to
verify that if

Byq/B; < 1, (32)

then R; <0 always, so that (19) is always satisfied. If
(32) is violated, then it is easy to show that R, attains its
largest value at

{1 if g=2[1+ (By/By)]
n=

ng  if q>2[1+ (By/By)]

and (31) evaluated for n given by (33) satisfies (19).
Several other uniqueness criteria for the case of 7, =,
have been recently summarized (Varma and Amundson,

(33)

totic stability. Here,

pi= A+ (r2/4) (35)
while
8= (— AH)DCy/\T,, (36)

where Bra/ry = B;/B, is the maximum adiabatic tempera-
ture rise,

NOTATION

B[] = boundary operator, defined by (22)

Bl = (—‘AH)kLZCo/CppDTo

B, = kLD

¢p = fluid heat capacity

c = concentration of key reactant

C = matrix in stability analysis

A

C = (C+cC7)/2

D = eftective mass diffusivity

E = activation energy

AH = heat of reaction

k = frequency factor

K; = constants

L = reactor length

n = dimensionless temperature, T/T,

P == constant

Pi(x) = exp (— Kix)

P = matrix, defined by (6)

q = dimensionless activation energy, E/R; T,
g(x) = function, defined by (19)

q: = constant, defined by (19)

Qi(x) = exp (—rix)

1 = Peclet number for heat transfer, v ¢, p L/A
1o = Peclet number for mass transfer, v L/D
R = dimensionless reaction rate, y exp (— q/n)
R1 = dR/ an[ s

R, = 8R/dy|s

R; = gas constant

t = dimensionless time, Dg§/L2?

;= n(x,t) — ne(x)

Ug = y(’% t) - ys(x)

u = (uy, uy)7T

u = function, defined by (16)

v = function, defined by (16)

v = flow velocity

\ = Liapunov functional

x = dimensionless distance, z/L

y = dimensionless concentration, C/Cq

z = distance from reactor inlet

Greek Letters

1978). B = (— AH) D Co/A T,

For ry # 3, it does not seem possible to derive informa- A = eHectu{e thermal co?du.ctivlty
tion from stability criterion (25) in terms of inlet or exit M = least eigenvalue satisfying (23)
values. However, if Rim and R, in Equation (8) are w =M+ (1%/4)
evaluated over the entire range of the a priori bounds p = fluid density
(14), then (25) may be rearranged as é = time
B, < [#1Ro.n — poBR1m] + VImBon + #2BR1.m1? + 2u1ps |B] RimBaon exp (|ry — r2f/2) (34)

2
Ry m[2B8Ron + |B| Rom exp (|r1 — 13|/2)]
and it is obvious from the above discussion that (34) en-  Subscripts
sures both uniqueness of the steady state and its asymp- 0 = inlet value

AIChE Journal (Vol. 19, No. 2)

March, 1973 Page 397



= heat transfer
mass transfer
maximum value
minimum value
steady state

» 33O~
I (O | I
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Multicomponent Mass Transfer in Turbulent Flow

The purpose of this note is to give a method for pre-
dicting multicomponent eddy diffusivities and to correct
the recent analysis of von Behren et al. (1972). The
new results are simpler and more accurate.

PREDICTION OF EDDY DIFFUSIVITIES

The diffusion equations of a nonreacting fluid in laminar
or turbulent flow can be written in an uncoupled form
(Stewart and Prober, 1964; Toor, 1964):

v
51 v v v
_a_t_‘.i. (Vevky)=D;VZx; i=1...n—1 (1)

v
Here the D; are the inverted eigenvalues of Stewart and
v

Prober’s matrix [A], and the x; are the corresponding
transformed compositions. The %; of that paper are written
v

as x; here, to distinguish them from time-smoothed
quantities.
Time-smoothing Equation (1), we get

\4 —_ —

9 x; v v v Vs
—_—+ ( Ve V*xi) :D‘Vin_ (V‘v*’x")

ot
i:l,...n-—l (2)
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If the correlation term is rewritten with an eddy diffusivity

v
tensor D;©, Equation (2) becomes

v _ —

d x; v v % v v
—b?-f-(V'V*xi) =D; V2 5+ (V eD® e Vx)
i=1...n—1 (3)

Equations (1), (2), and (3) are analogous to the
following equations of binary systems:

6xA

ot + (v ®vkey) = Dap V214 (4)
6:: + (V EA TN
= Dap V2%4 — (V ov¥x’y)  (5)
CET R
LA 4
m +(ve vk,

= Dap V2xs + (VoDss¥ ®V,) (6)
Thus, any solution of Equation (4), (5), or (6) provides

a solution of Equation (1), (2), or (3) in the same flow
field, satisfying equivalent boundary conditions. The
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